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ABSTRACT: The problem of craze failure near the tip of a crack embedded inside a craze is investigated
by modeling the crazed material as a highly anisotropic network of springs. This model is based on the
presence of cross-tie fibrils in the craze microstructure. These cross-tie fibrils give the craze some small
lateral load-bearing capacity so that they can transfer stress between the main fibrils. This load transfer
mechanism allows the force on the fibril directly ahead of the crack tip in the center of the craze to reach
the breaking force of the chain even though the force on a main fibril as it is being drawn at the craze/
bulk interface is much lower. When the craze is sufficiently wide, the discrete network model can be
approximated as an anisotropic continuum. Explicit expressions are derived which relate the shear and
tensile modulus of the crazed material to the underlying microstructural variables such as fibril spacing,
fibril diameter and volume fraction. The predictions of the continuum model are compared with those of
the discrete model. We focus on the case of a thin craze where the continuum approximation is shown
to be inadequate. The results of our model are used to predict the molecular weight dependence of the
fracture toughness of polymer glasses, fracture toughness of diluted entanglementt networks, and the

kinetics of polymer welding.

1. Introduction

The fracture properties of most polymer glasses are
linked to the stress-induced growth and breakdown of
crazes, which are planar cracklike defects. However,
unlike cracks, crazes are load bearing as their surfaces
are bridged by many fine (5—30 nm diameter) fibrils.
As the craze grows in width, this fibril structure may
break down, leading to large voids inside the craze
which eventually grow to become cracks. The process
of craze width growth and craze fibril breakdown are
thus central to an understanding of the fracture me-
chanics of polymer glasses.

The best current micromechanics model for the growth
of fibrils during craze widening is that of surface
drawing; i.e., the craze grows in width by drawing new
polymer material into the fibrils from a thin, strain-
softening layer at the craze—bulk interface (“the active
zone”).! The width of this active zone is on the order of
the fibril diameter and can be observed using a gold
decoration technique.? Measurements of craze widening
ahead of cracks have been made using transmission
electron microscopy (TEM) and optical interference
techniques.’? From the amount of craze widening, the
continuum stress acting in a direction normal to the
craze—bulk interface can be deduced.* This drawing
stress g4 is found to be practically uniform along the
entire length of the craze, with the exception of a very
small region near the crack tip. In this region, there is
a stress concentration which is difficult to quantify due
to the limited resolution of optical microscopy and TEM.

The micromechanics of craze breakdown are not as
well understood. One theory is that craze breakdown
occurs by localized creep along the fibrils.? If this
hypothesis were true, one would expect to see that voids
nucleated most frequently in the midrib, the oldest
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portion of the craze which has a somewhat higher
extension ratio than the rest due to its being drawn in
the high-stress zone just behind the craze tip. However,
recent morphological observations,®” show that all the
fibril breakdowns initiate at the craze—bulk interface.
It should be noted that chain scission accompanying
fibril surface formation at the bulk—craze interface
alone is not sufficient to cause craze breakdown? so that
fibril breakdown along the interface requires a loss of
entanglement density. Indeed, a model of fibril failure
based on chain scission and entanglement loss during
the drawing process has led to satisfactory agreement
with experimental results.® It should be noted that the
craze breakdown results stated above correspond to the
process of crack initiation in a defect-free craze. Such
cracks, once initiated, grow by failure of the fibril
structure directly ahead of their tips. A mechanism of
such craze failure at a crack tip has been proposed by
Brown.? Before Brown’s work, the craze fibrils were
always modeled as straight parallel cylinders aligned
along the normal to the craze surfaces and running from
one craze interface to another. However, transmission
electron microscophs and electron diffraction show the
existence of short fibrils running between the main
fibrils.1®1! A model for the microstructure of the cross-
tie fibrils is shown in Figure 1. These “cross-tie” fibrils
give the craze some small lateral load-bearing capacity
so that they can transfer stress between the main
fibrils.® Brown® pointed out that this load transfer
mechanism allows the normal stresses on the fibrils
directly ahead of the crack tip to reach the breaking
stress of the chains. On the basis of Brown’s approach,
Hui et al.!? developed an approximate analytical model
to examine the effect of various stress boundary condi-
tions at the craze—bulk interface. In neither of these
papers>!? was there a serious attempt to relate the
underlying microstructure of the craze to the continuum
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Figure 1. Schematic of craze microstructure.

moduli. Furthermore, neither work examined the case
of a thin craze, where the continuum model is expected
to break down. Such thin crazes are formed along
interfaces in the early stage of crack healing, for
example.

In this work we outline a general method to relate
the continuum moduli of the crazed material to its
microstructure. Explicit closed form expressions are
derived which relate the moduli to the fibril volume
fraction and fibril modulus for a spring network model
microstructure which approximates the properties of an
actual craze. We numerically compute the deformation
of the discrete network model and compare the results
with those from the continuum model. In particular,
we focus on the case of a thin craze where the continuum
model becomes inaccurate.

Spring network models have been used extensively
to study brittle failure of elastic materials.!3-20 Network
models have also been used to study more explicitly the
effects of material microstructures on fracture.!-2% A
comprehensive review of the spring network and finite
element model for elasticity and fracture can be found
in Jagota.2? Jagota found that in problems (problems
of type P1 in ref 29) where the discreteness of the model
matches the discreteness of the material, the spring
network models are valid and appropriate. However,
in problems where the spring network is being used as
a discretization of a continuum (problems of type P2 in
ref 29), Jagota pointed out that there are deficiencies,
as models of both elasticity and fracture. In this work
the spring network is used to model the discrete
microstructures of the craze so that they belong to that
of type P1. We also note that Xiao and Curtin®® have
recently employed the spring network model to study
the initiation, propagation, and subsequent breakdown
of a craze in a bulk polymer. Using a network model of
a craze that is different than the network model used
in this work, their numerical simulation showed quali-
tative agreement with the continuum meodels proposed
by Brown® and Hui et al.’? In this paper, we use a
network model that matches the discreteness of the
craze microstructures so that we can investigate the
limitations of the continuum crack tip model proposed
by Brown.? We have not, as Xiao and Curtin®® have
done, investigated the initiation and propagation of the
craze.

2. Spring Network Model

The craze is modeled by a two-dimensional periodic
network of linear springs. A two-dimensional network
will suffice since the craze is to be loaded under plane
strain conditions so that the deformation field is inde-
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Figure 2. (a, top) Schematic diagram showing the discreti-
zation of the craze microstructure in Figure 1 using a periodic
spring network; also the geometry and boundary conditions
of the micromechanics problem. A uniform displacement ogh/
Csz is applied on the craze—bulk boundary in the direction
parallel to the main fibrils so that the normal stress on the
craze—bulk boundary is equal to the drawing stress oq at
sufficiently large distances away from the crack tip. (b,
bottom) A unit cell of the periodic spring network. [ and d
are the length and spacing of the main fibrils respectively. kn
and k. are the spring constants of the main and cross-tie fibrils,
respectively.

A=0Cy4h/Cz
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pendent of the out-of-plane coordinate z. Due to peri-
odicity, the network can be formed by translation of a
unit cell. A special case of such a network with its unit
cell is shown in Figure 2. This network models the craze
microstructures in Figure 1. The springs which model
the main fibrils have spring constant kn whereas the
cross-tie fibrils have spring constant k.. The distance
between the main fibrils is denoted by d, and the angle
between the cross-tie fibrils and main fibrils is denoted
by 6. The cross-section areas (and lengths) of the main
fibrils and the cross-tie fibrils are denoted by Ay, and
A (I and l.), respectively.

The continuum moduli of such networks are obtained
by imposing a spatially homogeneous affine transforma-
tion to the network; i.e., let X denote the position vector
of a generic node of the network, as shown in Figure 2.
The position of this node x after an affine transforma-
tion is

x=X+LX=X+u 1)

where L is a second-order tensor. The deformation of
the network is characterized by the deformation gradi-
ent F = I + L, where I is the identity tensor. In the
continuum limit, the average strain ¢;; is

€= +u 2 1,j=1,2 (2)
where we have assumed small strain theory and the u;’s

are the Cartesian components of the vector u. In the
continuum limit, the average stress o is defined as
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0, = V’l_ 05 4V (3a)

cell

where Ve = d?l is the volume of a unit cell which has
a thickness d in the z direction. o} is the stress on each
fibril in the unit cell. Let fz be the ith Cartesian
component of the resultant force acting on the kth node
(i,j =1, 2 and k& = 1—4) which is located at X, where
Xj, is the jth Cartesian coordinate of the kth node.
Using (3a), g;; is found to be

1

where the summation convention over repeated indexes
is used.

For a given arbitrary u; or ¢, the stretch of each of
the springs in a unit cell can be computed from purely
kinematic considerations. The force on each spring can
be computed on the basis of the constitutive model for
the springs. In our case the springs are linear so that
the spring forces are directly proportional to the stretches
via the spring constants k., and &.; i.e., the spring forces
can be expressed in terms of the unit cell geometry and
€;. This procedure allows us to express the average
stress oy in terms of the average strain ¢; using (3b).
For the special case shown in Figure 2, the stress—
strain relation is found to be

011 = Cry€11 1 Cro€ap
Ogg = Clg€11 T Cooeqg (4a)
015 = 2Cgg€15
where the constants Cj; are defined by

C, = &, sin* @ Cy, = &, sin® @ cos® 0

Cop =&y + &, cos* 0 Ces=C,  (4b)
where E, (E.) is the effective modulus of the main
(cross-tie) fibrils and is defined by

En =B, =v R A, (4¢)
and
S =vE,=vkl/A, (4d)

where [ and /. denote the length of main and cross-tie
fibrils, respectively. In (4c) and (4d), En, = knl/An is
the extensional modulus of a typical main fibril and E.
= kcd/A. is the extensional modulus of a typical cross-
tie fibril. Let Vy, and V. denote the volumes occupied
by the main and cross-tie fibrils in a unit cell, then v
= Vi/Veen and v, = V/Veen are the volume fractions of
the main fibrils and the cross-tie fibrils, respectively.
In particular, for § < 1, we have

C,/Ces = 6"
C,o/Ces =1 (de)
Cyp/Cos = (1 +0Yo8* and Cyp=3E, + 3,

where ¢ = &/ Em.
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The matrix C; can be inverted to give the relation
between strain and stress, i.e.,

€1 = @101 T G150y
€9a = Q19071 + QU (5a)
2€1y = @ge019
where a;; are
ay, =[& sin? 017" + cos* (&, sin? 617"
a,, = —cos® B[ &, sin® 617
Qg = 1/&,, (5b)
ags = [&, sin® 0 cos? 6]7*
In particular, for 6 < 1, we have, approximately
@y /ag = (1 + 0)/6?
afag = -0 =~&/&, (5¢)
applags = 06"

Brown, in his work,? assumed that @11 ~ ags, which
is inconsistent with the results for our craze model
which states that aes/a;; = 0(62). All the equations in
Brown® for craze failure are correct if his E; is replaced
by Cse.

Using [ = 60 nm, 6 = 30°, vy, = 0.225, v, = 0.0255,
and E, = E. = 3 GPa, the C/s are found to be Cy; =
4.8 MPa, 022 =7.2 x ].02 MPa, and Clz = Ces =14 MPa,
respectively. 6 = 30° implies that the spacing d between
the main fibrils is 17.3 nm. While these numbers are
thought to be appropriate for polystyrene (PS) from the
work of Miller et al.,’? considerable uncertainties exist
in v and v, although their sum, the total fibril volume
fraction in the craze, has been experimentally measured
by TEM. Similarly, the assumption that E,, = E. = E,
the Young’s modulus of the unoriented polymer, is at
least questionable.?! Finally, while 8 = 30° gives
roughly the correct interfibril spacing for PS, the real
fibril structure differs significantly from that of the
idealized spring network model.l® Nevertheless, this
simple spring network model of the craze will give us a
way to check the approximations of the continuum
model.

3. Governing Equations for the Continuum
Model

The continuum constitutive description of a craze (4)
can be incorporated into a continuum model of the craze
zone. If one assumes the validity of the continuum
hypothesis, the governing equation for the stress field
in the craze for the case of plane strain deformation with
respect to a fixed Cartesian coordinate system (x, y) is32

a11Ps9200 T (2015 + @gelds1190 + Q9o =0 (62)
where ,; and ,2 denote partial derivatives with respect
to x and y respectively. ¢ is the scalar stress function
defined by

O = SOy — Doy (6b)
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Figure 3. (a, top) Schematic diagram showing the geometry of a crack inside a craze under external loading. (b, bottom) Schematic
diagram focusing on the area of interest Q which is embedded in a region of length scale of order h, the length of the drawn fibrils

inside the craze.

When C11/Css < 1 and Cgg/Cop < 1, it was proposed
by Hui et al.!? that the deformation field in the craze
can be approximated by the simpler equation

Vix+ Vyw =0 )
where
X =x/(ho)
Y =y/h (8)
V=v/h

where v is the displacement in the y direction and a2 is
a dimensionless material constant defined by

0* = Cee/Cyy (92)

It should be noted that the notation Cgg in this work
corresponds to the notation C;s in Hui et al.l2 In
deriving (7) and (9b), the stress component o, and the
displacement  in the x direction are neglected. In this
approximation, 012 and g3 are related to V by

Vv = V9 = 055/Coy Vx=ov, =0,/Ce0  (9b)

and the traction free boundary condition on the crack
faces reduces to
0y=0 Y=0 and X <0 (9¢)

Later, it will be shown that the stress field calculated

using (7)—(9) is an excellent approximation to (6) under
the conditions stated above.

4. Boundary Conditions

One of the difficulties in modeling the process of fibril
breakdown near the tip of a crack inside the craze zone
is the specification of the boundary conditions. The
geometry of a crack inside a craze under external
loading is illustrated schematically in Figure 3a. Figure
3b focuses on the area of interest Q which is embedded
in a region of length scale of order A, the half-width of
the craze. A typical length scale for Q is d, the fibril
spacing. Let a be the crack length, ¢ the length of the
craze + crack, and w a typical dimension of the
specimen. Then, in general,

w>c>a=>h>d (10)

The inequality ¢ > a > h allows us to model the crack
and craze as infinite in extent with respect to A, as
shown in Figure 3. Since the thickness of the bulk—
craze interface is much less than d, it is represented as
a line (the external boundary of the strip) in Figure 2.
The material inside the strip consists of drawn main
fibrils and cross-tie fibrils connecting them and can be
modeled as a linear anisotropic elastic material for a
sufficiently thick craze. The difficulty lies in the
specification of boundary conditions on the exterior
boundary of the strip since the boundary traction
depends on the fibril drawing process at the craze—bulk
interface as well as the deformation response of the
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cross-tie fibrils inside the strip. In the following analy-
sis we shall follow Brown® who prescribed a uniform
displacement v = A = ggh/Cay on the strip boundary
where ¢4 is the drawing stress.

5. Results of the Continuum Model

An exact solution of (7) can be obtained using the
displacement boundary condition of Brown,? i.e., v(x, |y|
= h) = A = ggh/Cqs. This condition must be supple-
mented by the traction free boundary condition g9 = 0
on the crack faces at y = 0, x < 0. 09(x, y) is found to
be

00 = 04 Re[1 = exp(—a(X +iY)I™* (1D

where Re denotes the real part of a complex number.
In particular, the normal stress ga9(x > 0,y = 0) directly
ahead of the crack tip is

gy = 041 — exp(—mx/ha)] 2 (12a)
For x/ha < 1, 093 becomes
9o ~ Ky (2mx) ™2 (12b)
where

K, = 0,20h]" (12¢)

ip
is the local stress intensity factor. The normal stress
acting on the craze—bulk interface at y = |h| is

0Ogy = 04l1 + exp(—mx/ha)] ™2 (12d)

It is important to note that the normal stress on the
craze—bulk boundary decays to zero exponentially fast
with characteristic distance Ao < & as one moves away
from the crack tip in the negative x direction. The local
energy release rate Gy, is related to the local stress
intensity factor Ky, using the approximate solution
technique (9) by

Gp = [Ktip]z/ [2Cy50al] (13)

For the anisotropic material described by (6), Guip exqct
is related to Ky by3?

20,9 + agglV2

Gtip exact Kt 2

layy/21"% @y, + (14a)

ip
Note that there is a typographical error in Brown’s®
energy expression. The factor (asp/a11)"? in his energy
release rate expression should be replaced by as/ai:.
For 6 <« 1, using (4e) and (5¢), Gtip exact reduces to

Gtip exact = [Kt ]2[(1 + Q)(]- - 29)]1/2/[20220-] (14b)

ip
where ¢ = E/E, so that the relative error
|Gtip exact Gtip|/Gtip =

1—[(1+ o)1 - 2012 ~ 0/2 (15)

for o < 1. The excellent agreement between the two
energy release rates for small ¢ implies that the local
stress intensity factor Ky, is well approximated by the
solution of (7) for the special case of displacement
boundary conditions.

For our case, 8§ = 30° or 0.5236 radian, so that the
condition 6 < 1 is not really satisfied. However, a direct
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Figure 4. (a) ooa(x, y = 0)/04 obtained using the finite element
method (i.e., the numerical solution of (6a)) versus the ap-
proximate solution (12a). x/h is the normalized distance
directly ahead of the crack tip which is located at x = 0. Figure
4b compares the normal stress oea(x, y = h)/oq on the craze—
bulk interface at y = & obtained using the finite element
method and the approximate solution (12d).

calculation shows that the stress intensity factor ob-
tained using the exact relation (14a) and Gy exacet = 0a%h/
sz gives

K, = 1.4240,[ah]"? (16)

ip
implying that the percentage error using Ky, given by
the approximate solution (12c) is 0.7%.

To test the approximate expression for the normal
stress distribution directly ahead of the crack tip (12a),
we compute for the strip problem the normal stress ggs-
(x, y = 0) directly ahead of the crack tip by solving eq
6a using a finite element method. A comparison of gss-
(x, ¥ = 0) using the finite element method and the
approximate solution (12a) is shown in Figure 4a. For
all practical purposes (12a) provides an excellent ap-
proximation for the normal stress directly ahead of the
crack tip in the anisotropic continuum for all x > 0.
Figure 4b compares the normal stress on the craze—
bulk interface (at y = h) obtained using the finite
element method and the approximate solution (12d).
Again, the agreement is good. It should be noted that
the exact angular dependence of the stress distribution
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near the crack tip and away from the cracked plane may
still not be well approximated by (11).

6. Fracture Criterion

In the discrete model we assume that crack growth
occurs when the force on the fibril immediately ahead
of the crack tip reaches the fibril breaking force F}, =
nefv, where n. is the number of load-bearing entangled
polymer strands in a typical main fibril and f; is the
force required to break a polymer backbone.

In the continuum model of craze failure, the above
failure criterion is replaced by the stress-based fracture
criterion?12

Ogox =D,y =0) =0, = Z 4, a7

where Z.q, the number of entangled strands per nominal
unit craze area, is given by®

Zp=q21— (M/gM )] (18)

where X is the areal density of entangled strands which
cross a plane in the undeformed polymer glass. This
nominal area is normal to the main craze fibrils; no
correction is made for the void volume fraction within
the craze. M. is the entanglement molecular weight
(determined from the shear modulus on the rubber
plateau above the glass transition temperature T;) and
M, is the number average molecular weight of the
polymer before crazing. The factor (1 — MJ/gM,) is a
correction factor for the chain end segments which
cannot form part of the entanglement network but are
also accounted for in the entanglement density v, which
is related to = by = = v.ds/2! where d., the root mean
square end to end distance between entanglments, is a
measure of the mesh size of the entanglement network.
In our model, S = n.d2 since d~2 is the number of
main fibrils per unit nominal area.

The characteristic distance D is treated as an un-
known parameter in the continuum theory but is
anticipated to be of the order of the fibril spacing. D
will be determined in a later section using the results
of the discrete model. In order for the continuum theory
to be valid, D < h so that (12b) is valid at x = D. In
this case, the craze fails when

K, = 3o (27D)"* (19)

tip —

Using (12¢), the critical craze width 2k, for the onset of
crack advance is

2k, = 2aD(Z of ) /0,0 (20)

The craze width 24 is related to the continuum opening
displacement & by!

6 =2h(1 — vy (21)

where vris the volume fraction of the fibrillated material
in the craze. The fracture toughness G, is estimated
using the Dugdale model3® and is

G, = 27D(1 — v Z o)/ (040) (22)

Thus the continuum theory based on the crack tip field
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(12b) predicts that G. is proportional to Zes?, as first
pointed out by Brown.?

7. Simulation of the Deformation Field in a
Craze Using the Spring Network Model

It is anticipated that continuum model (7) will provide
an accurate description of the failure process as long
as the craze width 24 satisfies the inequality & > d/a
so that the averaging process described in section 2 is
meaningful. In this case, the region of dominance of
the Kii, field is larger than the fibril spacing so that
(12b) is valid. Since d ~ 20 nm, the continuum model
is likely to fail for crazes thinner than 1 um. To explore
the limitations of the continuum model and to investi-
gate the failure mechanism of a thin craze, we carried
out a numerical simulation of the strip model described
above where the materials inside the strip is modeled
by a discrete network of springs, as shown in Figure 2.

7.1. Determination of D in the Continuum Model.
The force F. required to cause the crack tip fibril to
fail in the continuum model is

F., =K, (2nD) *d? (23)

The subscript cct indicates that the force is computed
using the asymptotic crack tip stress field (12b). The
parameter D is determined by setting F.: equal to Fp-
{o0), which is the computed force on the crack tip fibril
in the discrete model when 2A/] — «, i.e.,

D = [d’K,/Fp(-))"/2n (24)

We estimate Fp(e) by solving the discrete model using
2h/l = 50, which corresponds to a 3 um thick craze. D
= 0.47d if we set F. equal to Fp(e). D = 0.5d if we set
Feont = 022(x = D, y = 0) d? equal to Fp(ee). 022 in Feont
is computed using the complete stress field directly
ahead of the crack tip (12a).

7.2. Limitations of the Continuum Model. Fig-
ure 5 compares the normal stress directly ahead of the
crack tip computed using the discrete model with those
computed by evaluating the asymptotic K field (12b) and
the full field (12a) at x = D for different values of the
craze width. The continuum crack tip field model using
the asymptotic K field (12¢) underestimates the stresses
when 2h/l < 10, while the full field (12a) produces a
small overestimate of the stress. Thus, for weak crazes,
the continuum model based on the Ki;; field will not give
accurate predictions, especially if the usual asymptotic
K field (12¢c) is used.

To be more specific, we compare F. in (23) with
Fp(2h/l), where Fp(2h/l) is the force on the crack tip fibril
in the discrete model for different normalized craze
widths 2h/l. Figure 6 shows the dependence of Fp/F
on 2Ah/l. Note that Fp/F = 1 exactly at 2h/] = 50, since
D is determined by (24). The continuum model is valid
as long as the deviation of Fp/F. from unity is small.
If Fp/Fey > 1, use of the continuum crack tip field
overestimates the critical craze width 24, needed for
crack advance, thus overestimating the fracture tough-
ness.

Note that 2/l > 3 in Figures 5 and 6. When 22 <,
the cross-tie fibrils cannot transfer load to the main
crack tip fibril. Crazes having widths less than 3 are
not fully developed. The fracture toughness of such
crazes which fail at such small widths (e.g. due to a very
low chain density S.q) is less than 10 J/m2.



2456 Sha et al.

3.0
2.5
20
5
NG
o)
4 O discrete model
10 ° -~ K—Field 1
// ——approximate solution
0.5 —
//
0.0 ] ] | |
0 10 20 30 40 50

2h/|

Figure 5. Normal stress directly ahead of the crack tip
computed using the discrete model (open circles) compared
with the asymptotic Ky, field (12b) (dotted line) and the full
field (12a) (solid line) for different values of normalized craze
width 2h/l, where [ is the length of a typical main fibril. In
the discrete model, the normal stress is computed by dividing
the force on the crack tip fibril by d2. In the continuum model,
the normal stress is computed by evaluating (12a) and (12b)
atx=D.
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Figure 6. (Upper curve) Fp(2h/1)/F ., where Fp(2h/l) is the
force on the crack tip fibril in the discrete model, for different
normalized craze widths 2h/l. The subscript cct in F.
indicates that this force is computed using the asymptotic
crack tip stress field (12b). Note that Fp/F. = 1 exactly at
2h/l = 50 since D is determined by (24). The continuum crack
tip field model is valid as long as the deviation of Fp/F from
unity is small. The lower curve plots Fn(2A/1)/F cont, where Feont
is computed using the complete stress field directly ahead of
the crack tip which includes the singular term (12b) and
nonsingular terms. The continuum model is valid as long as
the deviation of Fp/Feont from unity is small.

The upper curve in Figure 6 shows that the use of
the continuum crack tip (Ki;p) field leads to a 10% error
when 2h/1 ~ 18. At 2h/l = 3, the error is about 42%.
The deviation of Fp/F.4 from unity is due to the
following: (a) the F . is computed on the basis of the
dominance of the asymptotic field (12b) and (b) the
continuum model and the discrete model differ as one
approaches the crack tip. To study the limitation of the
full continuum model (12a), Fp/Feont is shown as the
lower curve in Figure 6, where
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F. .= 0px =D,y =0}’

cont —

Here, Feont is computed using the complete stress field
directly ahead of the crack tip which includes the
singular term (12b) and nonsingular terms. The full
field (12a) underestimates the force on the crack tip
fibril and therefore underestimates the fracture tough-
ness. Nevertheless, the full field continuum solution
provides a good approximation of the results from the
discrete model throughout the entire range of craze
width. The maximum error made using the full field
solution occurs at 2h/l = 3 and is about 10%.

The continuum crack tip (Ki;,) field model (22) pre-
dicts that the G. is proportional to Z?. Figure 7 shows
a log—log plot of G, vs Zegr resulting from the discrete
model, using the following values of the parameters
from a craze in PS: d = 17.3 nm, [ = 60 nm, vr = 0.25,
04 =55 MPa, and f;, = 2 x 1072 N. As before, D is set
equal to d/2 so that the two models give identical results
in the limit of large 2h/l. Figure 7 is obtained by the
following procedure: for each 2h/l, the force on the crack
tip fibril is obtained using the two models (i.e., (23) and
Figure 5), these forces are then set equal to Zefi, thus
determining the chain density Z.r needed for craze
failure. The corresponding fracture toughness G, is
found using 204A(1 — vg). The results show, as expected,
that the Zeq? scaling breaks down and is an overestimate
for weak (narrow) crazes. The parameter A in Figure
7 can be found using (22) and is

A = 21(1 — v)Df, (o)

From Figures 6 and 7, we anticipated that the full field
solution (12a) should provide a good approximation for
the fracture toughness G.. Using (12a) and (17), G, is
found to be

G, = 27(1 — vpoDl—a In(1 — [0/Z 1017 (25)

The limit G, = AZ.” is recovered when [04¢/Zefp ]2 < 1
since In(1 — p) = —p for small p. Figure 7 shows that
(25) is a good approximation of the fracture toughness
for the entire range of Zes.

Discussion

The results obtained above suggest that the full field
continuum solution ((12a) and (25)) should be used in
estimating the fracture toughness G, produced by weak
crazes at crack tips.

(1) Molecular Weight Dependence of G.. To
illustrate the usefulness of the full field continuum
solution ((12a) and (25)), we employ it to compute the
molecular weight dependence of G, in polystyrene (PS)
and poly(methyl methacrylate) (PMMA). From (18) Z.x
approaches zero as My, approaches g~ M., or about 2M.
~ M., where M, is the critical molecular weight for
entanglement at which a log—log plot of zero shear rate
viscosity of the melt versus M exhibits a change in slope
from 1 to ~3.4. It is of course well-known that stable
crazes are not observed for M, < M.. However it is
equally well-known that the fracture properties of glassy
polymers continue to increase as M, is increased above
M.; e.g., G. does not approach an asymptotic value until
M, > M,.. In this section we use the results above to
compute the dependence of G. on M, in the regime
g M., < M, < 10M.. Since in the low M, part of this
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Figure 7. log—log plot of fracture toughness G. vs effective
areal chain density Z.¢ within the craze. Open circles are
computed from the discrete model, using the following values
of the parameters from a craze in PS: d = 17.3 nm, [ = 60
nm, vs = 0.25, 04 = 55 MPa, and /4, = 2 x 107° N. The solid
line which has slope = 2 (i.e., G. = AZ) is based on the
continuum crack tip field (12b). The dashed line is the
prediction based on (25), which uses the full continuum
solution (14a).

range the G, is quite small and the craze narrow, the
full field continuum solution ((12a) and (25)) should be
used.

For PS the parameters that enter eq 18 (Z.s = ¢2[1
— (MJ/qM,)]) have been previously estimated!!3¢ to be
g ~ 0.6, v. = 3.5 x 102 strands/m3, d. = 9.6 nm, £ =
0.168 strands/nm?, and M. = 18 000, so that Zeg=0.101-
(1 — 30000/M,) strands/nm?2. Similar estimates for
PMMA34 give g ~ 0.63, v = 7.8 x 10% strands/m?, d, =
7.3 nm, X = 0.285 strands/nm?, and M, ~ 11 000. Using
the results from the previous section (25), we plot the
predicted G, as a function of M, for PS in Figure 8 and
that for PMMA in Figure 9.

The only parameter which is highly uncertain in our
model of the craze structure is the angle 8, which
influences o [=(C15/Ca2)2]. Because the geometry of the
spring model is not exactly that of the craze fibril
structure, the structural parameters determined previ-
ously by TEM for PS!® and PMMA!! crazes cannot be
used directly to obtain 8. Therefore we have treated 6
as a parameter and plot curves for several different
values of @ in Figures 8 and 9; since 6 only affects a,
from eq 25, it only shifts the curve along the log G. axis
and does not change its shape.

On both figures we have compared these theoretical
curves with experimental data from the literature. For
PMMA the fit to the data is quite good, whereas for PS
the theoretical curves are too low at high M,. This
discrepancy, as noted by Wool et al.,?® is probably caused
by the difficulty of producing a sharp crack tip with only
a single craze growing from it in high M, PS. From
their welding experiments on PS they estimate that the
true high M, limit for PS is about 400 J/m2. In PMMA
it is much easier to grow a crack with a single craze at
the crack tip. The good fit of the model to the G, data
for PMMA down to low molecular weight extends the
previous comparison of Hui and Kramer3®® who showed
that D61I’s® measurements of the critical craze width
2h. in high molecular weight PMMA scaled as Z.¢?, as
predicted by egs 18 and 20.
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Figure 8. Fracture toughness G. of polystyrene versus
number average molecular weight M,: (—) for a craze with a
= 0.141 (8 = 30); (- - -) for a craze with o = 0.103 (8 = 20);
(=+—) for a craze with o = 0.055 (8 = 10); (---) for a craze
with a = 0.028 (6 = 5); circles, data of Wool et al.;35 diamonds,
data of Benbow;*" triangle, data of Berry.*®
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Figure 9. Fracture toughness G. of poly(methyl methacrylate)
versus number average molecular weight M,: (—) for a craze
with oo = 0.141 (8 = 30); (- - -) for a craze with o = 0.103 (6 =
20); (-++) for a craze with o = 0.055 (8 = 10); circles, data of
Berry;*® diamonds, data of Kusy and Katz.5°

(2) G. of Diluted Entanglement Networks. A
rather direct method of experimentally testing the Z.s
dependence of G. is to dilute a high molecular weight
polymer with chains of the same polymer which are too
short to entangle. While unfortunately there are as yet
no such measurements in the literature (craze stability
data exist however’?*), we make predictions for this
dependence in the hope that these will stimulate an
experimental test of the model.

Let @ be the volume fraction of the high molecular
weight entangled polymer (we will use parameters here
appropriate for PS5!). Then ve() &~ v(1)¢?, Me(@) ~ M-
D/, delp) ~ de(1)/¢'2, and Z(¢) = =(1)¢*2 where (1)
signifies the property for the pure, high molecular
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Figure 10. Fracture toughness G. predicted for entangled
polystyrene (PS) chains of molecular weight M diluted with
PS too short to entangle: (—) M = 1000000; (---) M =
500 000; (— - ~) M = 200 000; (+++) M = 100 000.

weight polymer. If we assume that the strand survival
probability is independent of ¢ (not strictly true since
q is a function of d.%7), then

M)
s =3 (1 3/2[1 - —e—] 26
(@) = Zo{ D T (26)

We have plotted the G. versus ¢ predicted from eqs
25 and 26 in Figure 10 for several different molecular
weights of the high molecular weight species. Note that
there is a deleterious effect of adding even a relatively
small volume fraction of low molecular weight polymer
too short to entangle and that G. approaches zero at
about ¢ =~ (.44 even for the highest molecular weight
species (M, = 1 000 000).

(3) Kinetics of Polymer Welding. There have been
numerous attempts to relate the G (¢) determined after
two identical homopolymers have been welded above
their glass transition temperature for a certain time ¢
to various mechanisms of diffusion and entanglement
across the interface.38-% It is observed experimentally
that G, scales approximately, but not exactly, as ¢12,
Usually, a relationship between G. and some aspect of
the diffusing chains is assumed (e.g. the average
interpenetration length) and the data are then used to
draw conclusions about the diffusion. But in light of
the previous discussion, as emphasized previously by
Brown, it is the dependence of Z.4(¢) on welding time
that is actually controlling the time dependence of G,
during welding. At short welding times, G, is small,
implying that only a narrow craze can develop, and thus
eq 25 should be used to make the connection between
G (t) and Z(t). We can rewrite eq 25 to explicitly
determine Z.g(t), viz.

04
fiN1 — exp(~G/G(E)

3.t) = @7

where G¥ = 2n(1 — vpogD/o.
We use eq 27 to extract values of Za(¢) from the G(¢)
data reported by Wool et al. The results are plotted in
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Figure 11. Effective areal chain density [(circles) extracted
from the G. data of Wool et al.?®] versus crack healing time.
The solid line is a linear least squares fit to the data (slope
0.24) while the dashed line represents the predicted Ze of the
fully healed interface.

Figure 11. The dashed line shows the limiting value of
Zes(t) corresponding to a completely welded homopoly-
mer. The solid line is a linear least squares fit to the
data with a slope 0.24 + 0.02. Future modeling can
concentrate on rationalizing the 4 scaling of Zeq(t) in
terms of diffusion models rather than trying to directly
predict G(¢).
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